We revisit the problem of single inclusive cross section of a colour dipole scattered on a large target at high energy. We found that the evolution effects cannot be included in a simple way by associating the gluon propagators through the target in the classical expression with the scattering amplitude of the gluonic (adjoint) dipole N G (x) = 2N (x) − N 2 (x) as was suggested by Kovchegov and Tuchin. The breakdown of this formula already in the first step of the evolution is shown explicitly using the colour dipole model. We derive a new expression for the single inclusive cross section that properly includes the evolution through three coupled evolution equations. In the high energy limit the three equations can be reduced to one, which presents a generalization of the BK equation. In this limit the single inclusive cross section is given by a formula that can be directly obtained completely ignoring the late emission contributions. We address other approaches to this problem known in the literature.
Introduction
The high energy scattering in the perturbative QCD has been extensively studied during last two decades. A special interest is drawn to the situation where the scattering amplitude unitarizes, which is called a saturation regime [1, 2, 3] . In this regime the density of partons becomes so high that one cannot ignore their mutual interactions anymore. A very convenient framework for studying parton saturation is the so-called dipole model [4] , where the size of an elementary dipole is assumed to be much smaller than 1/Λ QCD justifying the use of perturbative QCD. A lot of observables were calculated using this extremely convenient formalism. In the present paper we consider a single gluon inclusive cross section in DIS including effects of the quantum evolution. This study was first started by Kovchegov [5] and Kovchegov and Tuchin [6] , and was extended to the case of the double gluon production by Kovchegov and Jalilian-Marian [7] . The result of Refs. [5, 6] was confirmed afterward by Braun [8] using reggeized gluon technique, as well as, by Marquet [9] and Kovner and Lublinsky [10] in the Wilson lines formalism. According to Kovchegov [5] and Kovchegov and Tuchin [6] the single inclusive cross section reduces to the interaction with the target of so-called adjoint (gluonic) dipoles. This happens because of the real-virtual non-cancellation due to the absence of the virtual gluon emissions in the gluon production cross section. This interesting structure of the single inclusive cross section first found for the classical case [5] is preserved when the evolution is included according to Ref. [6] .
Kovchegov and Jalilian-Marian [7] further developed the colour dipole approach to study the double gluon emission in DIS. They obtained a rather interesting result of the direct violation of the Abramovskii-GribovKancheli(AGK) cutting rules in the pQCD, namely, the absence of the AGK cancellation for two gluon emission. This result was strongly questioned by Braun [8] , who claimed that one of the gluons (upper) is necessarily emitted from the vertex and such a contribution cannot represent a genuine violation of the AGK cutting rules, because the original derivation of the AGK rules was based on the assumption that there are no emissions from vertices.
Motivated by this discrepancy in the results we revisited the single inclusive case and found the breakdown of the simple adjoint dipole structure of the single inclusive cross section already at the first step of the evolution as shown in Appendix C. A recent work of on the same topic issued by Bartels, Salvadore and Vacca [11] being different in details and technique used, generally, strongly supports our conclusion that evolution in the single inclusive case is much more complicated. We found that a careful analysis of the evolution reveals a dependence of the single inclusive cross section on three objects M A , M B and M D (unintegrated over the impact parameter total cross sections ) that have distinct evolutions. The functions M A , M B and M D obey three coupled evolution equations that decouple in the limit of the initial dipole having the same size in the amplitude and the conjugate amplitude as discussed in Section 4. The first of the decoupled equations when reduced to the BK equation, which shed light on the contributions of different unitarity cuts to the total cross section described by the BK equation. We found that in high energy limit, when the measured gluon has large rapidity, the first equation also decouples and represents a generalization of the BK equation for the scattering of a dipole having different transverse coordinates in the amplitude and the conjugate amplitude.
In their paper Bartels, Salvadore and Vacca [11] obtained a similar result of three coupled evolution equation working at arbitrary N c in the transverse momentum space. The full correspondence between the two approaches is still to be established, but the general conclusion drawn in Refs. [11] coincides with our findings that single inclusive production cannot be described in terms of the gluonic (adjoint) dipole structure found by Kovchegov and Tuchin [6] .
In the Section 5 we refer to other approaches that confirmed the result of Ref. [6] . We found that a common misleading assumption of the equality of the evolutions for the amplitudes of the late and early emissions that was implicitly accepted in the derivations, naturally, led to the same inconsistent result.
In the Appendices we adduce some calculations relevant to our discussion.
Real-virtual cancellations
In this section we briefly review the main result of Ref. [12] with a special emphasis on so-called real-virtual cancellations. These cancellations play an important role in the derivation of both BFKL [13] and BK [14, 15] equations in the colour dipole model. Let us consider a colourless onium state with one extra soft gluon emission. The soft gluon can be emitted either from a quark or from a antiquark lines. For simplicity we consider here only the emissions from the antiquark line. We assign the transverse coordinates x 1 , x 0 and x 2 to the quark, antiquark and soft gluon lines, respectively. The system interacts with the target by instantaneous interaction via Coulomb gluon exchange. We use an eikonal approximation allowing for multiple interaction with the target. It was shown by Kovchegov [5] that there are no soft gluon emissions during the interaction time so that the eikonal rescattering can be regarded as an instantaneous as well. To avoid any question regarding the use of the eikonal approximation as the initial condition for the evolution at low energy, we consider the interaction with heavy nuclei for which the eikonal formula, as well as, the non-linear evolution equation in the mean field approximation (Balitsky-Kovchegov (BK) equation [14, 15] ) are proved. We work in Light Cone Perturbation Theory (LCPT) [16] with light-cone gauge and denote by τ = 0 the interaction time while the detector that measures the particles in the final state is placed at τ = ∞.
For simplicity, we consider only soft gluon emissions from the antiquark with coordinate x 0 . The relevant diagrams are shown in Fig. 1 In diagram A of Fig. 1 the soft gluon at x 2 is emitted before the interaction time in both amplitude and conjugate amplitude. In diagrams R and R * the soft gluon is emitted and absorbed before the interaction time, these diagrams give reggeization term of the BFKL and BK equations in the dipole model. Only diagrams A, R and R * are present in the BFKL [13] and BK [14, 15] equations, all other diagrams are canceled as we will show shortly. This cancellation is called real-virtual cancellation, where any real emission (absorption) of the soft gluon after time τ = 0 is canceled by its virtual counterpart(s). Namely, let us consider diagrams B and C where the soft gluon is emitted before the interaction time in the amplitude, but not in the conjugate amplitude. The emitted gluon be either present or not in the final state at τ = ∞. As it was shown in Ref. [12] ( see also Appendix A for more details) those diagrams differ only by a minus sign and thus cancel each other in the total cross section (same for B * and C * , not shown here). Similar cancellation happens also to D, E and F , but one should note that E and F have a factor of 1 2 w.r.t. diagram D due to a light-cone time ordered integral as shown in Appendix of Ref. [12] .
Thus we are left with diagrams A, R and R * . To this we should add also diagrams with the soft gluon emission from the quark line at x 1 , which translates into the BFKL kernel in the dipole model, namely, .
In Section 4 we present the derivation of BK equation in more general case and show how this reduces to -3 -well-known equation
with N (10) = ImA el (x 1 , x 0 ; Y ) being the imaginary part 1 of the elastic scattering amplitude of a colourless dipole with quark and antiquark coordinates at x 1 and x 0 ( x 10 = x 1 − x 0 ), respectively.
Inclusive one gluon production: no evolution included
In this section we follow the lines of Ref. [5] in the derivation of the single gluon inclusive production cross section in DIS with no evolution included. However, in our derivation we treat separately all the contributions that sum into the final result of Ref. [5] . The reason for that is our goal to include properly the evolution in the inclusive cross section for one gluon production as will be clarified in Section 4.
The general expression for the gluon production cross section in DIS is given by
where dσ qqA (x 1 , x 0 )/d 2 k dy is the gluon production cross section for the scattering of a colour dipole with quark coordinate x 1 and antiquark coordinate x 0 on the target, and ψ γ * →qq (x 01 , z) is the well-known [17] wave function of the splitting of the virtual photon in DIS intopair with of a transverse size x 10 = x 1 − x 0 and a fraction z of the longitudinal momentum of the photon carried by the quark.
We want to point out that we limit our discussion to a case where the produced gluon is the hardest gluon emitted insystem.
We start with selecting only those diagrams from Fig. 1 , which have a real gluon emission ( the soft gluon appears at the cut at τ = ∞). It is easy to see that we are left with A, B (B * ) and D. In the inclusive cross section the transverse momentum k of the soft gluon is kept fixed and thus transverse coordinates of the produced gluon are different in the amplitude (x 2 ) and the conjugate amplitude (x 2 ′ ). Before writing the expression for the inclusive cross section with one gluon production we define an object which will play a central role in our further derivations. The function M (12|34) is defined as an unintegrated over the impact parameter cross section of the scattering of a dipole with coordinates of quark (antiquark) being x 1 (x 2 ) in the amplitude and x 3 (x 4 ) in the conjugate amplitude. One should keep in mind that the cross section M (12|34) is a function of rapidity though it is not reflected in our notation. The explicit expression for M (12|34) = M 0 (12|34) in the case of interaction with a nucleus without evolution is given in Appendix B. In fact, we have three of them, for each of the diagrams A, B (B * ) and D in Fig. 1 . We show that in low energy approximation they coincide, but the difference becomes important when one includes evolution effects.
We are ready to write the expression for the inclusive cross section in terms of M A , M B and M D as follows
1 For simplicity, we omit the argument Y = ln(1/x) where x is the fraction of energy carried by the dipole.
where N 0 is the initial condition of BK equation and M 0 (ik|il) is given in Appendix B.
In Eq. (3.2) we account for a separate scattering of dipoles "12"("12 ′ ") and "20"("2 ′ 0") coming from diagram A.
In Eq. (3.3) we include the contributions where both of the dipoles are rescattered at the same time in diagram A. The first term describes the case where the dipoles are rescattered both elastically and inelastically. The second and the third terms represent both elastic and inelastic rescattering of one dipole and only elastic (either amplitude or conjugate amplitude) rescattering of the other one. The fourth and fifth terms denote elastic rescattering of the two dipoles.
In Eq. (3.4) we have contributions from diagram B(B * ) which are not symmetrical in the Kernel. Namely, some diagrams are prohibited by the definition of the cross section M B . As a simple example we try to include contributions which do not enter Eq. (3.4). We consider . In other words, the dipole formed by the lower quark loop scatters only elastically. Finally, in Eq. (3.6) we account for the contribution from diagram D, where we have both elastic and inelastic scatterings of the initial dipole "10". This can be easily understood from all D-type diagrams, where the measured gluon is emitted from quark and/or antiquark after the interaction time τ = 0. In the case of "crossed" dipole As the last step in our derivation we have to substitute
and N 0 by their eikonal formulae which are found in Appendix B. After some tedious, but straightforward calculations we obtain which is the result obtained by Kovchegov in [5] . At first sight, there is a difference of the factor of 2 in the exponentials, which comes from effective double interaction of the same dipole. At this point we have to clarify this coefficient in powers of the exponentials in Eqs. (3.7)-(3.10). We found some confusion in the literature regarding this coefficient, it varies from 1/4 to 1/2 depending on the author and even sometimes for the same author. This confusion stems from the definition of the saturation scale for a quark or a gluon which differs by a factor of 2. We use the quark saturation scale throughout the paper having a coefficient 1/2 in the exponentials of Eqs. (3.7)-(3.10). The physical meaning of this is explained as follows.
The important feature of the expression for the inclusive single gluon production with no evolution included Eqs. (3.7)-(3.10) is that interaction happens only to the emitted soft gluon and a quark(antiquark) from which it was emitted. The interaction of a quark (antiquark) which does not emit the soft gluon cancels and can be schematically explained as follows. In terms of the amplitude diagrams A, B(B * ) and D in Fig. 1 have only possibilities for the real soft gluon: to emitted either before or after the interaction time τ = 0 as shown in Fig. 3 .
Figure 3: This illustrates the fact that in the low energy limit the interaction occurs only with the produced gluon and a quark (antiquark) from which it was emitted. The cancellation leads to effective interaction twice with the same (upper) dipole.
The emission after τ = 0 has a minus sign w.r.t the emission before τ = 0, which can be easily checked by considering light-cone energy denominators (see for example [12, 5, 6, 7] and also Appendix A). For simplicity, consider one t-channel gluon interaction with the target for each dipole (12) and (20) formed by the soft gluon emission. In this case we have two contributions in the transverse coordinate space for the lower dipole
the upper dipole has only one contribution
(3.12)
From Eq. (3.11) and Eq. (3.12) one can see that the two contributions for the lower dipole effectively sum into interaction with the upper dipole. It should be mentioned that one cannot sum Eq. (3.11) and Eq. (3.12) in the amplitude since they have different colour matrices, but after multiplication by conjugate amplitude one obtains the same colour factor which results into a factor of 2 in the exponentials in Eqs. (3.7)-(3.10) and looks like a dipole interacts twice with the target (or two dipoles of the same size interact once). In the BK equation (written for total cross section) we do not observe this, since the second diagram in Fig. 3 cancels with corresponding virtual gluon emission. This ad hoc explanation is by no means an exhaustive one, but rather a simple argument why one should expect only the soft gluon and the quark (antiquark) from which it was emitted to interact with the target. A rigorous calculation shows the same result, provided we assign to the interaction with target the same expression before and after the gluon emission. This works for eikonal interaction at low energy as can be shown explicitly, but as far as evolution effects are concerned one should not make a priori such an assumption. As we show in Section 4 a careful treatment of the evolution effects leads to a completely different form for the single inclusive cross section than one suggested in Ref. [5] .
Inclusive gluon production with evolution
In this section we want to include the evolution into the expression for the single gluon inclusive cross section found in Section 3. It was suggested in Ref. [6] that each exponential in Eqs. (3.7)-(3.10) is to be replaced with a function 1 − N G , where N G is the elastic scattering amplitude of an adjoint ("gluonic") dipole given by N G (22
with N (22 ′ ) being a solution for the BK equation. This substitution is based on the assumption that only the produced gluon and a quark(antiquark) from which it was emitted do interact with the target and thus in the course of the evolution one can safely ignore the spectator quark (antiquark). As we discussed in Section 3 this is indeed the case if no evolution involved, but there is no a priori reason why this will be true in general. In fact, this assumption breaks down already at the first step of evolution, namely, for the emission of one extra softer gluon as shown explicitly in Appendix C. The best way to see this is to consider a diagram where a measured gluon "2"("2 ′ ") is emitted before τ = 0 from the antiquark "0" in both amplitude and conjugate amplitude, and a softer gluon "3" is emitted also before τ = 0 but from the quark "1" in both amplitude and conjugate amplitude as shown in Fig. 4 . It is easy to see that this diagram has no counterpart to cancel with and thus may develop extra softer gluon emissions in the newly formed dipole "13". It seems that this diagram was missed in the proof presented by Kovchegov and Tuchin, at least we found no any mention of it and its cancellation counterpart in the text of Ref. [6] .
Moreover, we found that some of the diagrams claimed to cancel each other in Ref. [6] , in fact, do not cancel. In Fig.5 from Ref. [6] (see Fig. 5 below) according to Section B of Ref. [6] diagram A cancels diagram D because of having relative minus sign and the same interactions. This does happens because of two reasons:
• The first reason is that they undergo different interactions. Namely, diagram A has two dipoles "13"("13 ′ ") and "30"("3 ′ 0") at the interaction time τ = 0, which interact both elastically and inelastically resulting into Glauber • The second reason is that the reggeization type diagram A possesses a factor of 1/2 w.r.t. to diagram D due to light-cone time ordered integration(see Appendix of Ref. [12] for more details). This extra factor is very important for obtaining a correct form of the BK equation as shown below in this Section.
The explicit calculation of diagrams A and D for a general case of x 3 = x 3 ′ is performed in Appendix E. [6] illustrating cancellation of diagrams with emission from the "spectator" quark. We found that the cancellations proved in Ref. [6] do not occur as shown in the text.
This shows explicitly that the "spectator" quark (antiquark) does interact with the target and gluon emissions from it cannot be ignored in the course of the evolution, resulting into the breakdown of the simple formula of "gluonic" dipole substitution 1 − e
This confusion originates from the classical expression Eqs. (3.7)-(3.10) which indeed has this feature of "spectator" quarks (antiquarks). However, as far as the evolution is concerned one should go back to Eqs. We start from most complicated evolution equation for M A . In this case the measured gluon "2"("2 ′ ") is produced before the interaction time τ = 0 in both amplitude and conjugate amplitude as shown in Fig. 6 . The interaction of the two newly formed dipoles "12"("12
′ ") and "20"("
The main assumption we make is that the two dipoles interact independently in the large N c limit, so that we can consider the evolution of each of them in separate. Working in large N c limit we represent the gluons by double quark-antiquark line and show them disconnected from other lines reflecting all possible couplings to quark or antiquark line in accordance with the notation used in [6] . In analogy with Fig. 1 consider all possible emissions of gluon "3" in the dipole "12"("12 ′ ") depicted in Fig. 7 ( diagram B * and C * are not shown, but are to be included as well).
The corresponding evolution equation is given by
All possible emissions of the softer gluon "3" in the dipole "12"("12 ′ "), diagrams B * and C * are not shown.
with N being a solution to the BK equation.
Each contribution is explained as follows
• The two terms on the r.h.s of Eq. (4.1) come from the diagrams R and R * in Fig. 7 and represent the reggeization. Their Kernels are different and correspond to emission and absorption of the softer gluon "3" in the amplitude for diagram R, and mission and absorption of the softer gluon "3" in the conjugate amplitude for diagram R * . A factor of 1 2 appears due to time ordered integral in the light-cone time (for more details see Appendix of Ref. [12] ).
• Terms in Eq. (4.2) stand for the interaction of each dipole with the target. Their Kernel corresponds to the emission of the softer gluon "3" in the amplitude and its absorption in the conjugate amplitude.
• For all the terms in Eq. (4.3) we have we same Kernel as for terms in Eq. (4.2) since emission and absorption of the softer gluon is the same. The first term in Eq. (4.3) denotes the case where two dipoles undergo both elastic and inelastic rescattering. In the second term and third terms, one of the dipoles rescatter both elastically and inelastically, and the other one rescatters elastically in either amplitude or conjugate amplitude ( 2N (13) in the second term is just N (13) + N (13) for the amplitude and conjugate amplitude). These contributions are not present in
A by the definition includes inelastic part and elastic scattering both in the amplitude and the scattering amplitude (in other words, only N 2 and not N ). The last term corresponds to the situation where the two dipole rescatter elastically, one in the amplitude and another in conjugate amplitude, and vice versa.
• Eq. 0 − To avoid a confusion we use the same notation for M B and M C since they represent the same cross section though at first sight different in the dipoles at τ = ∞. The zero term in the asymmetric Kernel used here stands for situation where the dipole "13"("12 ′ ") is not present by time τ = 0 in the conjugate amplitude and thus is omitted as was explained in more details in Section 3.
• In Eq. (4.5) we use the same arguments as for Eq. (4.4).
•
which sum up to the term in Eq. (4.6). Here one should note that in the crossed dipole splittings With the help of the optical theorem mentioned before we can further simplify the evolution equation for M A . We notice that the first term in Eq. (4.3) cancels the second one due to the fact that M A (13|13) = 2N (13) . The third and fourth terms give together −N (13) {N (32 ′ ) + N (32)} resulting into
with N being a solution to the BK equation. This simplification occurs due to the fact that the initial dipole "12"("12 ′ ") has one common coordinate x 1 both in the amplitude and the conjugate amplitude.
Another very important comment should be made. Eq. (4.3) is the generalization of the optical theorem for the case of the dipole having different sizes in the amplitude and conjugate amplitude. Namely, if we associate N with uncut pomeron P and M A with cut pomeron P in the case of x 2 = x 2 ′ we readily obtain the famous Abramovskii-Gribov-Kancheli cutting rules (with Mandelstam crossed diagrams) 2N (13) One should keep in mind that the function M A can be associated with a cut pomeron P only at the first step of the evolution, namely, when we have the first splitting. In general case M A is describes fan diagrams and thus cannot be viewed as one pomeron exchange. The same is right for the uncut pomeron and the elastic amplitude N which is the solution to the non-linear BK equation. The analogy of the cut and uncut pomerons is not so straightforward for M B and M D , since they can be associated with both cut and uncut pomerons depending whether the emitted gluon is present in the final state at τ = ∞. This information cannot be extracted from the evolution equations M A , M B and M D we wrote before, since in their derivation we used cancellations of some terms that have different final state structure.
These contributions present a violation of the AGK rules at small values of rapidity (strictly speaking of a parameterᾱ s 2π y), but since the original AGK were developed for large rapidities the question of genuine AGK violation still remains open and certainly requires a separate study, which will be published by us elsewhere soon.
Next, we proceed with the evolution equation for cross section M B (12|10). Similarly to the previous case we include all contributions from the relevant diagrams R, B, D, E and F and obtain
• The term on r.h.s of Eq. (4.16) represents contribution from diagrams B and C as was discussed for the evolution equation for M A .
• The first term in Eq. Finally, we are in position to write the equation for M D . This has contributions only from diagrams D, E and F in Fig. 7 that result in
with an initial condition given by Eq. (B-13).
Thus we obtain a hierarchy of three evolution equations Eqs. .2)-(3.6) to obtain the single gluon inclusive scattering cross section for a dipole "10" being scattered on large nucleus with the production of the gluon with transverse momentum k at rapidity y.
It is important to note that in the high energy limit when one is interested in the gluon production with high rapidity of the emitted gluon this hierarchy can simplified significantly. To see how this happens we note that evolution equation Eq. 
The single gluon production inclusive cross section derived in Section 3 (see Eqs.(3.2)-(3.6)) thus reduces in the high energy limit to the first two lines and reads
where M A is the solution to the simplified evolution equation Eq. 
Other approaches
As we showed, the simple gluonic dipole structure of the single inclusive cross section found in Ref. [6] breaks down already at the first step of the evolution. However, this formula was confirmed using different techniques and is widely used in numerical calculation. As we already pointed out this result was obtained due to a misleading assumption that the cancellation of the interaction with a spectator quark(antiquark) occurs at all stages of the evolution. The assumption was made in derivations using different approaches, which, naturally, led to the similar result as follows.
After the publication of the paper by Kovchegov and Tuchin [6] the same problem was considered by Braun in a number of papers Refs. ( [18] )-( [20] ) using two pomerons coupling to the a quark loop with one extra soft gluon emission. The pomerons were represented by two reggeized gluons couplings in the colour singlet state. The author implicitly assumed that any two reggeized gluons in a colour singlet state obey the BFKL evolution. As it was shown in the present paper this is not the case and after a careful inspection one observes different evolutions for the reggeized gluons couplings before and after the emitted gluon.
The same problem was considered by Marquet [9] using eikonal Wilson lines formalism. The author found an inclusive cross section for one gluon production in thepair by squaring the the wave function ofpair with one extra gluon interacting with the target by eikonal rescattering. The author picked up frame in which qqg system has a small rapidity, so that all the evolution happens in the target entering the inclusive cross section via Wilson lines. The scattering of the quark and gluon components of the qqg system enter through the eikonal Wilson lines in the fundamental (W F ) and adjoint (W A ) representations, respectively. Using the Fierz identity for W F and W A the author reduced the inclusive cross section to one dependent only on W A , reproducing the result of Kovchegov and Tuchin [6] for the inclusive gluon production including evolution effects. However, the obtained cross section should be supplemented by some evolution equation, and it is not clear from Ref. [9] what evolution equation describes W F and W A (more precisely, a trace of their product which corresponds to the scattering amplitude). Moreover, the author implicitly assumed that the scattering of the quark is given by the same function W F in both cases, before and after the emission of the measured gluon. We do not see any justification for such an immediate assumption, the equality between W F for so-called early and late emissions is a strong statement that should be shown explicitly at least at the first step of the evolution.
Another approach based on Wilson lines formalism was developed by Kovner and Lublinsky [10] for studying multigluon production via high energy evolution. The authors implemented generating functional for a description of a production of any number of gluons. Very interesting results of this paper related to the validity of the AGK cutting rules are beyond our discussion, and we would like to concentrate mainly of the single gluon inclusive cross section obtained in Ref . [10] . According to the authors they reproduce the result of Kovchegov and Tuchin [6] using one gluon emission amplitudesQ a i (z) extracted from KLW M IJ Hamiltonian (see Eq.(2.7) and Eq.(2.8) in [10] ). It should be noted that the KLW M IJ Hamiltonian in its form used in [10] can be obtained only as a result of real-virtual cancellations. This means that use of the one gluon emission amplitudesQ a i (z) extracted from this Hamiltonian by no means can describe the real-virtual non-cancellations that lead to a peculiar form of the single gluon inclusive cross section obtained in [6] . After some lengthy calculations the authors end up with a confusing result (see Eq.(3.12) in [10] ) that looks very similar to one from Ref. [6] , but that is different in principle, since it was obtained completely ignoring the contribution of the late emissions. The expression for the single gluon inclusive cross section does not include terms with Kernels , which is a clear sign that something is missing in the derivation.
A paper by Bartels, Salvadore and Vacca [11] was recently published with a new derivation of the one jet production cross section using reggeized gluon technique. The authors noted that in the expression for the single production cross section enter three types of the amplitudes that undergo different evolutions. The resulting system of the three evolution equations is similar in structure to ones found in the present study in Eqs. .17) and Eq. (4.18) in the transverse coordinate space and the large N c limit. In any case, the paper of Bartels, Salvadore and Vacca [11] strongly supports the main conclusion of the present study that the simple gluonic (adjoint) dipole structure breaks down already in the first approximation.
Conclusions
In the present study we revisit the one gluon inclusive production including evolution effects considered in [6] . We reproduce the classical expression for the cross section of one gluon inclusive production (see Eqs. (3.7)-(3.10)) found by Kovchegov [5] , in particular, we do observe an interesting property of the cross section to depend on only interactions of the produced gluon and a quark (antiquark) from which it was emitted. The other quark (antiquark) stays a spectator and its interaction with the target is canceled due real-virtual non-cancellations for the real gluon production.
This interesting property was generalized by Kovchegov and Tuchin [6] for the case of the quantum evolution. The authors claimed that using this specific feature of the classical expression, the evolution can be easily included by replacing 1−e
However, a close inspection of the evolution reveals the breakdown of this simple adjoint dipole prescription for including the evolution effects, namely, already at the first step of the evolution (see Appendix C) the interaction of the "spectator" quark with the target does not cancel.
In this paper we present a detailed analysis of the problem and write a corrected expression for the one gluon inclusive cross section Eqs. It is interesting to note that a similar result was recently obtained by Bartels, Salvadore and Vacca [11] using reggeized gluon technique. The system of three coupled evolution equations was written in the transverse momentum space for an arbitrary N c . This strongly supports our conclusion that there is no simple gluonic(adjoint) dipole evolution, but the full correspondence between the two approaches is still to be established.
In the limit of the high rapidity separation between the target and the produced gluon the evolution equation for M A decouples (see Eq. (4.19)) and simplifies significantly the expression for the cross section of the one gluon production Eq. (4.21). This simplified evolution equation for M A is the generalized BK equation for the scattering of a dipole with different transverse coordinates in the amplitude and the conjugate amplitude.
As a byproduct of our study of the inclusive production we found that for a special case of the first dipole splitting when we can associate N and M A with uncut and cut pomerons, respectively, thus reproducing famous Abramovskii-Gribov-Kancheli cutting rules. However, we also found some terms that apparently violate the original AGK rules at intermediate rapidity even for the one gluon production. These terms cannot be extracted from the evolution equations we derived in Section 4 , since in their derivation we used cancellation of terms with different final states which determine the particle multiplicity on the unitarity cut. The full derivation of the AGK rules in pQCD certainly requires further study and will be published by us soon elsewhere.
After some simplifications due to the normalization properties of the spinors in the kinematic regime p + ≫ k + ≫ m + we obtain
where we used the fact that
Next, we calculate the so-called late emission diagram where the emission of the gluon k occurs after the interaction as shown in Fig. 9 Figure 9: Late emission diagram in LCPT. This diagram is opposite in sign w.r.t the early emission in Fig. 8 As in the case of Fig. 8 we write the light-cone energy denominators
In Eq. (A-7) we used the equivalence of the initial and the final light-cone energies. Note that due to the presence of the emitted gluon k in the final state D 2 generates a minus sign. The rest of the calculation is straightforward and in full analogy with Eq. (A-4) . The final answer for the late emission diagram in Fig. 9 is given by
and differs from Eq. (A-5) only by a minus sign coming from the light-cone energy denominator Eq. (A-7).
Here we presented a simplified case only one quark scattered off the target. In general, any late emission diagram will generate a minus sign w.r.t early emissions.
B. Calculation of M 0 (il|kl)
In this Appendix we derive the explicit expression for M 0 (il|kl) for dipole-nucleus scattering in the Glauber approach assuming the Born Approximation of perturbative QCD (the exchange of two Coulomb-like gluons) for the dipolenucleon interaction. It is well known that the Glauber formula for the imaginary part of the scattering amplitude in
this case has the following form
where l is the transverse momentum of one of two gluons in the Born Approximation diagram.
The function IF (l) in Eq. (B-2) denotes so-called impact factor and describes the interaction of two gluon with a nucleon which depends on l 2 . In our further calculations we do not need to know the explicit form of IF (l).
The profile function T (b; R A ) determines the number nucleons that can interact with the dipole at a given impact parameter b = 
where R A is the nucleus radius. Let us consider a dipole having different sizes at the interaction time τ = 0 in the amplitude and conjugate amplitude, namely, a dipole with quark (antiquark) coordinates x 1 (x 2 ) at τ = 0 in amplitude and x 1 (x 2 ′ ) in the conjugate amplitude. A more general case with all the coordinates being different is of no use in our derivation and thus will be omitted. The cross section M (12|12 ′ ) is normalized such that M (12|12) = 2 N (12).
As one can see in Fig. 10 the interaction of the dipole "12" as well as the dipole "12 ′ " with a nucleus includes an additional elastic rescattering as well as the inelastic interaction with the nucleons of the nucleus at points z i .
To include both of the processes we first write the formula that sums all possible inelastic interactions. It has the form of [22, 21] 
The factor of exp − 
where
Using Eq. (B-5) and Eq. (B-6) we can reduce Eq. (B-4) as
To obtain the final formula we need to add to Eq. (B-7) the contribution of the elastic scattering which has the obvious form
Following the lines of Refs. [5, 15] we use the explicit expression for the powers of the exponentials in Eq. (B-7) and Eq. (B-8), namely,
where Q s is the saturation scale used in the McLerran-Venugopalan model [3, 22] defined as C. First step of evolution for inclusive production
In this Appendix we demonstrate the breakdown of the simple adjoint dipole structure of the inclusive gluon production already at the first step of the evolution. It was claimed in Ref. [6] that the evolution can be easily included in the inclusive gluon production cross section by identifying each term 1 − e −2x 2 Q 2 s0 /4 of its classical expression with an adjoint "gluonic" dipole amplitude N G (x) = 2N (x) − N 2 (x), where N (x) is the solution to the BK equation. This claim was based on one particular feature of the classical expression, namely, interaction occurs only to the measured gluon and the quark (antiquark) from which it was emitted. This was said to be a general feature at any stage of the evolution and thus it is only the replacement 1 − e −2x 2 Q mentioned in Section 3 in the case of the gluon production we are left with contributions from the diagrams A, B and D in Fig. 1 . In all these diagrams the measured gluon was emitted from the antiquark line x 0 in both the amplitude and conjugate amplitude. According to the claim of Ref. [6] the quark at x 1 behaves as a spectator and thus never interacts with the target. To show that it is not a case we consider all the possibilities to emit a softer gluon "3" with transverse coordinate x 3 . If the transverse momentum k of the measured gluon is kept fixed the transverse coordinates of it in the amplitude and the conjugate amplitude differ and given by x 2 and x 2 ′ respectively. If transverse momentum k is integrated over, the quark should keep being a spectator for emissions of gluon "2" only from the antiquark line as shown in diagram A, B and D. The integration over k brings (2π) 2 δ (2) (x 2 − x 2 ′ ) and simplifies the considerations significantly.
We start with the simplest case of diagram D. For x 2 = x 2 ′ it is easy to see that the emission of the softer gluon "3" is canceled due to real-virtual cancellations as depicted in Fig. 11 . In Fig. 11 we draw only emissions from gluon "2", but the same is right also for any other emission (with the same light-cone time ordering). This is in an agreement with the evolution equation for M D given by Eq. (4.18) , where the r.h.s vanishes for x 2 = x 2 ′ . Figure 11 : The softer gluon "3" emission cancels in the contribution of diagram D in Fig. 1 for x2 = x 2 ′ .
D E F
Next, we consider emission of the softer gluon "3" in the diagram B in Fig. 1 . For x 2 = x 2 ′ all emissions cancel due to real-virtual cancellations and we are left only with diagrams where gluon "3" is emitted and absorbed before interaction time τ = 0 (see Fig. 12 ). We want to remind that these diagrams are related to reggeization and should not cancel for x 2 = x 2 ′ . R Figure 12 : The softer gluon "3" emission cancels in the contribution of diagram D in Fig. 1 for x2 = x 2 ′ . Fig. 11 we show only an emission from the gluon, but one should keep in mind that all other possible emissions are to be included resulting in where we omitted all the integrations as irrelevant to our discussion.
As in
The emission of the softer gluon "3" in the diagram B * in Fig. 1 for x 2 = x 2 ′ gives a contribution identical to that of Eq. (C-1).
In the emission of the softer gluon "3" in the diagram A in Fig. 1 there are two types of contributions. One is the reggeization mentioned in the previous case and the genuine A type diagrams where gluon "3" is emitted before τ = 0 both in the amplitude and conjugate amplitude shown in Fig. 13 . All other emissions canceled for x 2 = x 2 ′ due to real virtual cancellation. times the Kernel of the dipole splitting (the emission soft gluon "3") given bȳ α s 2π
R
On the other hand we can use Eq. (4.2) and Eq. (4.3) to obtain the same result as follows The same result one obtains using Eq. (4.4) in the evolution equation for M A (12|12 ′ ) and the eikonal formulae for one dipole scattering The contribution from diagram B * is found in analogous way.
The remaining diagrams R, R * , D, E and F change the cross section merely by multiplication of the Kernel of the emission of the soft gluon "3", in other words, when gluon "3" is emitted in those diagrams, only the initial dipole interacts with the target as
In this way we show that evolution equations Eqs. E. Explicit calculation of diagrams A and D in Fig.5 In this section we calculate explicitly diagrams A and D shown in Fig. 5 . According to Kovchegov and Tuchin [6] these diagrams cancel each other since are they the same interaction pattern and a relative minus sign. This cancellation is crucial for proving the statement that interaction happens merely with the emitted gluon and the quark (antiquark) from which it was emitted, leading to the description of the single inclusive cross section in terms of adjoint (gluonic) dipoles as explained in Sections 3 and 4.
As we show below this cancellation does not happen because of two reasons: a) diagram A has a factor of 1/2 w.r.t. to the diagram D; b) their interaction with the target is different.
Regarding the first reason, this can be checked immediately using Appendix of Ref. [12] , where it was shown that any gluon emitted and absorbed before or after the interaction time τ = 0 brings a factor of 1/2 due to the light-cone time ordered integral. This factor of 1/2 plays an important role for proper accounting for the reggeization term into the BFKL (BK) equation (see Section 4 for more details). This relative factor between the diagrams A and D, by its own, is a strong argument against the claimed cancellation. However, it is very instructive to demonstrate by an explicit calculation why diagrams A and D in Fig. 5 have different interaction terms and thus cannot cancel each other in any case.
For clarity let us choose a quark to have a transverse coordinate x 1 and the antiquark the coordinate x 0 in Fig. 5 . Consider first the diagram A, where we have at the interaction time τ = 0 only the quark, antiquark and the measured gluon "3"("3 ′ "). Thus in the large N c limit only two dipoles "03"("03 ′ ") and "23"("23 ′ ") undergo rescattering on the target. The expression for the diagram A is given by Eqs. (E-6)-(E-7) describe the case when either one, two or three dipoles interact both elastically and inelastically with the target at the same time. Eq. (E-8) accounts for the case when two dipoles interact both elastically and inelastically with the target and one dipole interacts only elastically. This way one can easily see that we consider all interaction possibilities for the three dipoles.
Using the Glauber formulae for M [6] , breaking a nice adjoint (gluonic) dipole description of the single inclusive cross section. In fact, this can be seen immediately by taking x 3 = x 3 ′ and applying properly the Glauber formulae.
